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$P,$ $F$ , $P$ $p$ . $F$ $f$ ,









1988 [16] , GCD [17],
[18] . , ,
. ,
. , .
1 $l_{\alpha},$ $l_{\beta}’,$ $h_{\alpha},$ $h_{\beta}’\in \mathbb{R}$ ,
$p= \sum_{\alpha}a_{\alpha}x_{1}^{\alpha_{1}}x_{2}^{\alpha_{2}}\cdots x_{k^{k}}^{\alpha}(\alpha=(\alpha_{1}, \alpha_{2}, \ldots,\alpha k))$
$f=$ $\sum_{\beta}b_{\beta}x_{1}^{\beta_{1}}x_{2}^{\beta_{2}}\cdots x_{k}^{\beta_{k}}(\beta=(\beta_{1}, \beta_{2}, \ldots, \beta_{k}))$
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,. ,
Moore $[$ 13$]$ , ,




. , $[$ 1 $]$ $[$ 11 $]$ ,
. $[$ 12$]$ ,
, $[$ 14$]$ .
, $[a, b]$ $a\leq b$ , $a>b$




, $[$22$]$ . ,
$D\subset \mathbb{C}$ , 2- $[$ 5 $]$ , $\infty-$





, , , , ( , $[$4$]$
). , $x_{1},$ $\ldots$ , $x_{k}$ $x$ , $\alpha=(\alpha_{1}, \ldots, \alpha_{k})$ , $x^{\alpha}$ $x_{1}^{\alpha_{1}}\cdots x_{k}^{\alpha k}$
. , $I$ .
1( ) $i=1,$ $\ldots,$ $n$ , $e_{i}(x)\in \mathbb{R}[x]$ , $l_{i},$ $h_{i}\in \mathbb{R}$ $(l_{i}, h_{i})\neq(0,0)$
.
$\{\sum_{i=1}^{n}c_{i}e_{i}(x)|l_{i}\leq c_{i}\leq h_{i}\}\subset \mathbb{R}[x]$
, $[l_{i}, h_{i}]=\{c_{i} \in \mathbb{R}|l_{i}\leq c_{i}\leq h_{i}\}$
. $II\mathbb{R},$ $II\mathbb{R}[x]$ .
$[l_{i}, h_{i}]\in \mathbb{I}\mathbb{R}$ $c_{i}$ , . $[l_{i}, h_{i}]$ ,
mid $([l_{t}, h_{i}])=(h_{i}+l_{i})/2$ , rad $([l_{i}, h_{i}])=(h_{i}-l_{i})/2$ .
$J\mathbb{R}^{n}$ $II\mathbb{R}^{mxn}$ .
, , .
2 $($ $)$ $a_{1},$ $\ldots,$ $a_{s},$ $b_{1},$ $\ldots,$ $b_{t}$ , $P= \sum_{i=1}^{s}a_{i}e_{i}(x),$ $F= \sum_{j=1}^{t}$ bjdj $($x $)$
. $P,$ $F$ $p\in P,$ $f\in F$ , $p$ $f$
$p,$ $f$ , $F$ $P$ .
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[19] , $f$ $F$ .
22
$P= \sum_{i=1}^{s}$ aiei (x) $F= \sum_{j=1}^{t}$ bj dj (x) , .
2 $F$ $P$ ?
2 , $a_{1},$ $\ldots,$ $a_{s},$ $b_{1},$ $\ldots,$ $b_{t}$
, $P$ $F$ . $P,$ $F$ , $>$
$P= \sum_{\alpha}f_{\alpha}(a_{1}, \ldots, a_{s})\cdot x^{\alpha},$ $F= \sum_{\alpha}g_{\alpha}(b_{1}, \ldots, b_{t})\cdot x^{\alpha}$ , $P$ $F$
$P’=$ rem$(P, F)$
$P’= \sum_{\alpha}c_{\alpha}(a_{1}, \ldots, a_{s}, b_{1}, \ldots, b_{t})\cdot x^{\alpha}$
. , $F$ $0$ . , 2
.
3 $P$ $F$ $P’$ , $P’=0$ ?
$P’=0$ , $P’$ $\alpha$ $c_{\alpha}(a_{1}, \ldots, a_{s}, b_{1}, \ldots, b_{t})$ $0$ $a_{1},$ $\ldots,$ $a_{s}$ ,
$b_{1},$
$\ldots,$
$b_{t}$ . , 2
.
4
$\{c_{\alpha}(a_{1}, \ldots, a_{s}, b_{1}, \ldots, b_{t})=0|x^{\alpha}\in P’\}$
$\iotaarrow$ , $l_{i}\leq a_{i}\leq h_{i}$ $l_{j}’\leq b_{j}\leq h_{j}’$ $(i=1, \ldots, s;j=1, \ldots, t)$ ?
3
31
, ( 2) ,
( 4) . $c=$ (cl $c_{n}$ ),
$f=(fi, \ldots, f_{m})$ , .
find $c=(c_{1}, \ldots, c_{n})$
$st$ . $f_{j}(c)=0$ $(j=1, \ldots, m)$ (1)
$l_{i}\leq c_{i}\leq h_{i}$ $(i=1, \ldots, n)$
, $n$ , $m$ . $m\geq n$
, $m<n$ 4 .




, ( [4] ).




$c^{I}$ 1 , mid $(c^{I})$ . , $J(c, c^{I})\in II\mathbb{R}^{m\cross n}$ $f$
, $(c, c^{I})$ $c$ $C^{I}$ .
$J_{ij}(c, c^{I})$ $=$ $\frac{\partial f_{i}}{\partial c_{j}}(c_{1}^{I}, \ldots, c_{j}^{I}, c_{j+1}, \ldots, c_{n})$ $(i=1, \ldots, m;j=1, \ldots, n)$
. , $c_{i}$ 1 , $c_{i}^{I}$
, $J(c, c^{I})$ .
$[1|$ [11] . ,
$J(c^{I})$ .
(2) , $c,$ $f(c),$ $J(c, c^{I})$ , $d^{I}$ .
, NP [21] ,
, (2) .
, . $J(c, c^{I})$ ,
$J$ , mid(J) $\in \mathbb{R}^{mxn}$ . $M^{c}=$
$B$ . mid(J) , $M_{ii}^{c}=1$ , $0$ $B\in \mathbb{R}^{mxm}$





: $A^{I}\in II\mathbb{R}^{mxn}$ $b^{I}\in J\mathbb{R}^{m}(m\geq n)$
: $A\in A^{I},$ $b\in b^{I}$ , $Ax=b$ $x$ $x^{I}$
for $k=1$ to $n-1$
for $i=k+1$ to $m$
$c_{ik}^{I}=a_{ik}^{I^{k}}/a_{kk}^{I^{k}}$




for $i=m$ downto $n$
$x_{n}^{I}=x_{n}^{I}\cap(b_{:}^{I}./a_{in}^{I^{1}})$
for $i=n-1$ downto 1
$x_{i}^{I}=(b_{i^{:}}^{I}- \sum_{j=i+1}^{n}a_{ij}^{I^{l}}x_{j}^{I})/a_{ii}^{I^{t}}$




, $c^{I(k+1)}$ $c^{I(k)}$ $N(c^{(k)}, c^{I(k)})$
$c^{I(k+1)}=c^{I(k)}\cap N(c^{(k)}, c^{I(k)})$ (5)







. , , $c^{I(k+1)}=c^{I(k)}$ ,
$C^{I(k)}$ , .
, .
1([4]) $c^{I(k)}$ $c^{I(k+1)}$ , $c^{I(k)}\backslash c^{I(k+1)}$ $f$
.
1 $c^{I(k)}$ $c^{I(k+1)}$ , $c^{I(k+1)}=\emptyset$ , $c^{I(k)}$ $f$
.
, $c^{I(k)}$ $f$ ,
.
2([4]) $c^{I(k)}$ $c^{I(k+1)}$ , $N(c^{(k)}, c^{I(k)})\subseteq c^{I(k)}$ , $f$
$N(c^{(k)}, c^{I(k)})$
, $c^{I(k)}$ $f$ .
3([4], ) $A^{I}\in II\mathbb{R}^{m\cross n}$ , $a_{i}^{I_{j}}=[l_{ij)}h_{ij}]$ $|a_{i}^{I_{j}}|$
$\max(|l_{ij}|, |h_{ij}|)$ . , $A^{I}$ $||A^{I}||$ .
$|| A^{I}||=mp\sum_{j=1}^{n}|a_{ij}^{I}|$
3 ([4]) $c^{I(k)}$ $c^{I(k+1)}$ , 2 ,
$R^{(k)}=I-B\cdot J(c^{(k)}, c^{I(k)})$
, $||R^{(k)}||<1$ , $f$ $c^{I(k+1)}$ .
(1) , 2
, , 3 .
, $m\geq n$ (1) .
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2
: $f(C)=(f_{i}, \ldots, f_{m})$ $C=(c_{1}, \ldots, c_{n})$ $c^{I}$ init
: $f$ ,
1. $L=\{c_{iit}^{I}n\}$
2. $L$ 1 , $c^{I(k=0)}$ .
3. $r(c^{I(k)})$ , , . 2.
4. $c^{I(k)}$ $c^{I(k+1)}$ ,
5. $C^{I(k+1)}=\emptyset$ , $c^{I(0)}$ . 2.
6. $c^{I(k+1)}=c^{I(k)}$ , $c^{I(k)}$ 2 , $L$ 2.
7. $N(C, C^{I})\subseteq c^{I(k)}$ $||R^{(k)}||<1$ , $c^{I(k+1)}$ $f$ .
$c^{I(k+1)}$ , 2. . , $k$ 1 3.
4
41
(1) $m<n$ , ,
.
, var(c) $=\{c_{1}, \ldots, c_{n}\}$ ( $m<n$ , 1 $c$ var(C)
) var$(c_{b})=$ {eil’ $\ldots$ , $c_{i_{m}}$ } $\subset$ var(C) var$(c_{nb})=$ var $(c)\backslash$ var $(c_{b})$ ,
$c_{nb}\in c^{I_{nb}}$ , $c_{b}$ ,
. [8] .










2. $L$ 1 , $c^{I}$ .
3. $f(c^{I})$ , , . 2.
4 . var $(c_{b})\subset$ var(c)
5. , $c^{I}=c^{I_{b}}\cross c^{I_{nb}}$ $N(c, c^{I})$ : $\mathbb{I}\mathbb{R}^{n}arrow II\mathbb{R}^{m}$
$M$ $=$ $I-B\cdot J_{b}(c,c^{I})$
$N(c, c^{I})$ $=$ $c_{b}-B\cdot f(\epsilon c^{I_{b}}, c^{I_{nb}})+M\cdot(c^{I_{b}}-c_{b})$
. $\epsilon c^{I_{b}}$ $c_{b}=$ mid $(c^{I_{b}})$ , $\epsilon$ .rad $(c^{I_{b}})$ , $J_{b}$
$J$ , $B=$ mid $(J_{b})^{-1}$ .
6. $||M||<1$ $N(c, c^{I})\subset c^{I_{b}}$ , $c_{nb}\in c_{nb}^{I}$ $f(c_{b}, c_{nb})=0$
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$c_{b}\in c^{I_{b}}$ . $(c^{I_{b}}, c^{I_{nb}})$ $S$
76. , $c^{I}$ , $L$ 2.
:
1. $S$ 1 1 $(c^{I_{b}}, c^{I_{nb}})$
2. $\kappa$ $||\kappa+|M|||<1$ . , $|M|$ $M$
3. $m$ $p,$ $q$ $p+q\leq\kappa$ . rad $(c^{I_{b}})$
4. $R=B\cdot f(\epsilon c^{I_{b}}, c^{I_{nb}})$
5. rad$(R)\geq p$ $c^{I_{nb}}$ , $S$ [ 1. . 6.
6. $\overline{c}_{b}^{I}=c_{b}-R+M\cdot(c^{I_{b}}-c_{b})$ , $||$ rad $(\overline{c}_{b}^{I})||<\delta$ 1. .
$\tilde{c}_{b}^{I}$
$q$ , $c^{I_{b}}$ $S$ 1.
.
1 $P=x^{3}+[l_{0}, h_{0}]x^{2}+1/2,$ $F=x^{2}-[l_{1}, h_{1}]x-[l_{2}, h_{2}]$ , $[l_{0}, h_{0}]=[l_{1}, h_{1}]=$
$[l_{2},$ $h_{2}|=[-1,1]$ .
$P’=([l_{1}, h_{1}]^{2}+[l_{0}, h_{0}][l_{1}, h_{1}]+[l_{2}, h_{2}])\cdot x+[l_{1}, h_{1}][l_{2}, h_{2}]+[l_{0}, h_{0}][l_{2}, h_{2}]+1/2$
$c_{1}^{2}+c_{0}c_{1}+c_{2}=0$
$c_{1}c_{2}+c_{0}c_{2}+1/2=0$
$-1\leq c_{0},$ $c_{1},$ $c_{2}\leq 1$
. $(-0.293,1, -0.707)$ $($ 1, 0.297, $-0.385)$ .
3 , $c_{0}$ $c_{0}\in$ [0.875, 1] ,
$(c_{1}, c_{2})$ $($ [0.25, 0.5], $[-0.5,0])$ . $\delta=0.05$ $(c_{1}, c_{2})$
, $(c_{1}, c_{2})$ $([0.267, 0.364], [-0.430, -0.354])$ ,






$s.t$ . $f_{j}(c)=0$ $(j=1, \ldots, m)$ (6)
$l_{i}\leq ci$ $\leq h_{i}$ $(i=1, \ldots, n)$
(6) , KKT John . $f(c)=0$
$g(c)$ , ,
$u+ \sum_{j}E_{j}v_{j}=0$
$u \frac{\partial g}{\partial c_{i}}(c)+\sum_{j}v_{j}\frac{\partial f_{j}}{\partial c_{i}}(c)=0$ (7)
$f_{j}(c)=0$
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. $E_{i}\in[1,1+\epsilon]$ ( $\epsilon$ ), $u\geq 0$ . (7) ,
$u,$ $v_{1},$ $\ldots,$ $v_{m}$ , $g(c)$ , .
(7) $m+n+1$ , . , $g(c)$




, . , $[a, b]$ $a>b$
( , ) $K\mathbb{R}$ . $[a, b]\in K\mathbb{R}$ , $a\leq b$
proper $\mathbb{I}\mathbb{R}$ , $a>b$ improper
$\overline{\mathbb{I}\mathbb{R}}$ . , $[a, b]\in K\mathbb{R}$ mid$([a, b])=(a+b)/2$ , rad$([a, b])=|b-a|/2$ .
, . pro$([a, b])=[ \min(a, b), \max(a, b)]$ ,
imp$([a, b])=[ \max(a, b), \min(a, b)]$ , dual $([a, b])=[b, a]$ . ,
$[a, b]\subseteq[a’, b’]\Leftrightarrow(a’\leq a)\wedge(b\leq b’)$ . , $K\mathbb{R}^{n}$
$K\mathbb{R}^{m\cross n}$ .




4([23]) $A^{I}\in \mathbb{K}\mathbb{R}^{n\cross n},$ $b^{I}\in K\mathbb{R}^{n},$ $x^{I}\in \mathbb{K}\mathbb{R}^{n}$ , $J$
$J(x_{i}^{I})=\frac{b_{i}^{I}-\sum_{i\neq j}dua1(a_{ij}^{I})\cdot dua1(x_{j}^{I})}{dua1(a_{ii}^{I})}$ $(0\not\in a_{ii}^{I}, i=1, \ldots, n)$
. .
1. $x^{I}$ $A^{I}x^{I}\subseteq b^{I}$ , $3(x^{I})$ $A^{I}x^{I}\supseteq b^{I}$
2. $x^{I}$ $A^{I}x^{I}\supseteq b^{I}$ , $\mathfrak{J}(x^{I})$ $A^{I}x^{I}\subseteq b^{I}$
4( )
$:A^{I}\in K\mathbb{R}^{nxn},$ $b^{I}\in K\mathbb{R}^{n}$
: $A^{I}x^{I}=b^{I}$ $x^{I}\in \mathbb{K}\mathbb{R}^{n}$
1. imp $(A^{I})\cdot y^{I}\subseteq$ pro $(b^{I})$ $y^{I}$ , mid(A) $\cdot x=$ mid(b)
2. $x^{I(0)}=\mathfrak{J}(y^{I})$ . $A^{I}x^{I}\supseteq b^{I}$
3. $x^{I^{(k)}}=\mathfrak{J}(x^{I(k-1)})$
52
, (1) $m\leq n$ ,
. 4.1 var $(c_{b})$ var$(c_{nb})$ ,
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$f:K\mathbb{R}^{n-m}\cross K\mathbb{R}^{m}arrow K\mathbb{R}^{m}$ $f(c_{nb}, c_{b})=0$ $($ $c_{nb}\in K\mathbb{R}^{n-m},$ $c_{b}\in K\mathbb{R}^{m})$
$(c^{I_{nb}}, c^{I_{b}})$ ,
$(\forall c_{nb}\in c^{I_{nb}})(\exists c_{b}\in c^{I_{b}})(f(c_{b)}c_{nb})=0)$
. , Hansen-Sengupta
.
4 (Hansen-Sengupta [23]) $A^{I}x^{I}=b^{I}$
,
$\Gamma(A^{I}, b^{I}, x_{i}^{I})=\frac{b_{i}^{I}-\sum_{i\neq j}a_{ij}^{I}\cdot x_{j}^{I}}{a_{ii}^{I}}\cap x_{i}^{I}$ $(0\not\in a_{ii}^{I}, i=1, \ldots, n)$
. Hansen-Sengupta ( HS) ,
$H(f, J, C,x^{I}, x_{0})=x_{0}+\Gamma(CJ, -Cf(x_{0}), x^{I}-x_{0})$
. $x_{0}\in x^{I},$ $J$ $f$ , $C$ mid $(J)^{-1}$ .
, 2 .
.
5 (proper transform HS , [23])
: $f(c)=(fi, \ldots, f_{m})$ $c^{I_{nb}}$
: $c_{nb}\in c^{I_{nb}}$ , $c_{b}\in c^{I_{b}}$ $f(c_{nb}, c_{b})=0$ $c^{I_{b}}$
1. $c_{nb}\in c^{I_{nb}}$ $c_{b}\in$ pro $(c^{r_{b}})$ $f(c_{nb}, c_{b})=0$ $C^{I_{b}}$ ,
2. $J_{nb}=$ pro $(\partial f/\partial c_{nb}),$ $J_{b}=$ pro $(\partial f/\partial c_{b}),$ $C=$ mid $(J_{b})^{-1},$ $c_{nb}^{c}=$ mid$(c^{I_{nb}}),$ $c_{b}^{c}=$ mid $(c^{I_{b}}),$ $A^{I}=$
$C$ . pro $(J_{b})$ , $b^{I}=C\cdot[-f(c_{nb}^{c},$ $c_{b}^{c})$ –dual (Pro $(J_{nb})\cdot(c^{I_{nb}}-c_{nb}^{c}))]$
3. $A^{I}x^{I}=b^{I}$ $x^{I}$ 4 , $c^{I_{b}}=x^{I}+c_{b}^{c}$
4. $c^{I_{b}}l\grave{\grave{\backslash }}$ , 2,
6 (improper transform HS , [23])
: $f(c)=(f1, \ldots, f_{m})$ $c^{I_{nb}}$
: $c_{nb}\in c^{I_{nb}}$ , $c_{b}\in c^{I_{b}}$ $f(c_{nb}, c_{b})=0$ $c^{I_{b}}$
1. $C_{nb}\in c^{I_{nb}}$ $c_{b}\in$ pro $(c^{I_{b}})$ $f(c_{nb}, c_{b})=0$ $c^{I_{b}}$ ,
2. $J_{nb}=$ pro $(\partial f/\partial c_{nb}),$ $J_{b}=$ pro $(\partial f/\partial c_{b}),$ $C=$ mid $(J_{b})^{-1},$ $c_{nb}^{c}=$ mid$(c^{I_{nb}}),$ $c_{b}^{c}=$ mid $(c^{I_{b}}),$ $A^{I}=$
$C$ . imp $(J_{b})$ , $b^{I}=C\cdot[-f(c_{nb}^{c},$ $c_{b}^{c})-$ dual (imP$(J_{nb})\cdot(c^{I_{nb}}-c_{nb}^{c}))]$
3. $A^{I}x^{I}=b^{I}$ $x^{I}$ 4 , $c^{I_{b}}=x^{I}+c_{b}^{c}$
4. $c^{I_{b}}l\grave{\grave{>}}$ , 2.
5([23]) 5, 6 , .
, $c_{b}^{I^{pro}},$ $c_{nb}^{Ipro}$ $c^{I_{b}},$ $c^{I_{nb}}$ proper , $c^{I_{b}^{imp}},$ $c^{I_{nb}^{imp}}$
$c^{I_{b}},$ $c^{I_{nb}}$ improper .
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1. proper transforrm HS ,
$(\forall c_{nb}\in c_{nb}^{Ipro})(\forall c_{b}\in c_{b}^{I^{pro}})(\exists J\in J)(\exists c_{nb}\in$pro $(c^{I_{nb}^{imp}}))(\exists cb\in$ pro $(c^{I_{b}^{imp}}))(f(c_{b}, c_{nb})=0)$
2. improper transfor$HS$ ,
$(\forall c_{nb}\in$ pro $(c_{nb}^{I^{imp}}))(\forall c_{b}\in$ pro $(c_{b}^{I^{imp}}))(\exists J\in J)(\exists c_{nb}\in c_{nb}^{Ipro})(\exists c_{b}\in c_{b}^{Ipro})(f(c_{b}, c_{nb})=0)$
53
, 41 1 .
2( 1 ) $\{c_{1}, c_{2}\}$ , {co} . $c_{0}\in$ [0.875, 1]
$(c_{1}, c_{2})$ $(c_{1}^{I}, c_{2}^{I})$ , .
$(\forall c_{0}\in[0.875,1])(\exists(c_{1}, c_{2})\in(c_{1}^{I}, c_{2}^{I}))(f(c_{0}, c_{1}, c_{2})=0)$
$f=(fi, f_{2})=(c_{1}^{2}+c_{0}c_{1}+c_{2}, c_{1}c_{2}+c0c_{2}+1/2)$ . ,. proper transform $HS$ ( 5) , $c^{I_{nb}}$ improper [1, 0.875]
. , proper $([0.294, 0.340], [-0.419, -0.376])$
oimproper transform $HS$ ( 6) , $c^{I_{nb}}$ proper [0.875, 1]
. , improper $([0.340, 0.294], [-0.376, -0.419])$
2 , ([0.297, 0.339], $[-0.411,$ -0.3851 $)$




(POP) , 1 (SDP) ([10, 15]
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